Abstract. The steady-state shape of a finger penetrating into a region filled with a viscous fluid is examined. The two-dimensional and axisymmetric problems are solved using Stokes equations for low Reynolds number flow. To solve the equations, an assumption for the shape of the finger is made and the normal-stress boundary condition is dropped. The remaining equations are solved numerically by covering the domain with a composite mesh composed of a curvilinear grid which follows the curved interface, and a rectilinear grid parallel to the straight boundaries. The shape of the finger is then altered to satisfy the normal-stress boundary condition by using a nonlinear least squares iteration method. The results are compared with the singular perturbation solution of Bretherton (J. Fluid Mech., 10 (1961), pp. 166-188). When the axisymmetric finger moves through a tube, a fraction m of the viscous fluid is left behind on the walls of the tube. The fraction m was measured experimentally by Taylor (J.
1. Introduction. We consider the penetration of a finger into a region which is initially filled with a viscous fluid. It is assumed that the viscosity of the fluid inside the finger is negligible when compared with the viscosity of the fluid exterior to the finger. The more general case, where the viscosity of the fluid inside is not neglected, can also be solved with the methods described below but is left for further study. The free boundary value problem for the steady-state shape of the finger is examined with two different geometries: the two-dimensional case of a finger between parallel plates and the axisymmetric case of a finger in a tube. It will be supposed that the gravitational and inertial forces are small in comparison with the viscous forces, and can be neglected.
There is, in principle, no difficulty in incorporating their effect into the fingering problem with the present method.
The two-dimensional case is important in the study of fingering in a Hele-Shaw cell composed of two closely spaced parallel plates separated by a distance 2b. The sides of the cell connecting the two plates are a distance 21 apart, where >> b. A finger, shaped like a tongue, moves through the Hele-Shaw cell with constant velocity U. The thickness of the tongue is 2fib and its width is 2AI, where the parameter fl is equal to (thickness of finger)/ (distance between plates) and the parameter A is equal to (width of finger)/ (width of cell). The determination of the value of A has been a subject of much interest. Experiments examining the shape of a finger in a Hele-Shaw cell have been performed by Saffman and Taylor (1958) and Pitts (1980) . Since the full threedimensional problem is difficult to calculate, the problem of finding the shape of the finger in the plane parallel to the plates was approximated by averaging the velocity field across the gap between the two plates. This leads to two-dimensional equations in which the components of the mean velocity in the plane parallel to the plates are given by b20p b20p
(1) u w= 3la, Ox' 3la, Oz' where/z is the viscosity of the fluid and p is the pressure in the fluid which is to this approximation a function only of x and z. The plates are taken parallel to the (x, z)-plane, and the y-axis is normal to the plates with origin in the mid plane. The continuity equation
Ou Ow
--+--=o Ox Oz must also be satisfied. These equations hold in the region of the (x, z)-plane that is not occupied by the finger.
In the region of the (x, z)-plane where the finger is found, the approximate equations were given by Sattman (1982) . In this region, there is on the surface of each plate a film of viscous fluid of total thickness rob, where m + -/3 away from the edge of the finger, in which the pressure is Pi and the components of mean velocity are m2b20pi m2b20pi lyl<(1-m)b.
The two-dimensional solutions in the two regions are joined by boundary conditions at the edge of the finger. First, there is the kinematic condition as the boundary of the finger is approached; (6) (U-u)" n m(U-u,).n where U (U, 0) is the velocity of the finger, u= (u, w) , and n= (nx, nz) is the normal to the edge of the finger. Second, there is a dynamic condition relating the limits of the pressure on the two sides,
p-pi=Ap.
Here, the limits are to be understood as outer limits in which the distance from the edge of the finger is small compared with l, but large compared with b. Romero (1982) who explored the dependence of solutions on an assumed dependence of F and f on iU/T showed that the b/R term is essential to remove the degeneracy of the T-0 closed form solution.
Besides the two-dimensional problem, we also solve the penetration of an axisymmetric finger into a viscous fluid in a tube. The diameter of the tube is 2b and the diameter of the finger moving through the tube with constant velocity U is 2fib. The parameter /3 is equal to (diameter of finger)/ (diameter of tube). This problem has been investigated experimentally by Taylor (1961) and Cox (1962) . The numerical results are compared with the experimental results and the agreement is found to be remarkably good.
In order to determine the solution to the two-dimensional and axisymmetric problems for tzU/T equal to O(1), the free boundary value problem is solved in two stages. First, we begin with an initial guess for the shape of the finger. This can be found by starting with a small value for the parameter pU/T and using Bretherton's solution. Since we have assumed a shape for the finger, we are forced to drop one of the boundary conditions applied on the curved interface; the normal-stress boundary condition is dropped. A system of equations equivalent to the biharmonic equation 1But as later found by Romero (1982) In the second stage, the shape of the finger is altered to satisfy the normal-stress boundary condition. The curved interface is expanded in terms of Chebyshev polynomials and the known asymptotic behavior of the finger as x --. Using the solution calculated on the fixed domain, the expansion of the interface, and the normal-stress boundary condition, a new shape for the interface is determined by a nonlinear least squares iteration method. After several iterations, the normal-stress boundary condition is satisfied and we have a solution.
The use of a composite mesh to cover the domain was suggested by Prof. H. O. Kreiss. We considered the employment of boundary integral methods and finite element techniques, but found them less convenient and they did not appear to offer improved accuracy or cheaper computations. The finite element method would have required using higher order elements with one curved side to conform to the interface. Both the composite mesh discussed above and a finite element mesh must be altered each time the interface changes. This was accomplished easily and with a small amount of computation time using the composite mesh technique. Also, the present method allows easy incorporation of inertial and nonuniform fluid effects; this is not the case for the boundary integral method.
2. Formulation of the two-dimensional problem. We examine the penetration of a finger of fluid into the narrow region between two closely spaced parallel plates. As mentioned earlier, it is assumed that the viscosity of the fluid inside the finger is negligible when compared with the viscosity of the fluid exterior to the finger. This allows us to solve the equations only in the region exterior to the finger. The steady state problem is examined where the finger is moving with constant velocity U and is symmetrical about the center line of the channel. The plates are separated by a distance 2b and the finger has asymptotic width 2/3b. We now change to a reference frame moving with the finger. The tip of the finger is fixed at the origin. In this new reference frame, the velocities are independent of We substitute these new variables into (12) 
oxx + Wyy 0.
On the interface, it is convenient to use an arc-length coordinate s equal to zero at the origin and increasing along the curved interface. Using the arc-length coordinate, the tangent vector t is equal to (xs, y,) , and the normal vector n, pointing into the finger, is equal to (-y, x Since the pressure can only be determined up to a constant, we are free to set the constant pressure Po inside the finger equal to zero. These three interface conditions can be rewritten as The boundary condition (16b) is found by differentiating (15a) with respect to s and using this equation to eliminate the Oxy term in (15b).
It is assumed that the shape of the finger is symmetric in the y direction; it is then only necessary to solve (14) for y-> 0. The symmetry conditions for x _>-0 are 17a, b) q(x, 0) 0, w(x, 0) 0.
In the new reference frame, the no-slip condition on the wall becomes (18a, b) q(x, 1) =-(1-fl), qy(X, 1) =-1. As x-c, the width of the finger approaches a constant; thus, we get a constant velocity between the finger and the solid boundary. Poiseuille flow develops as x .
The asymptotic behaviors are --y+fl and w0 asx---c, d/--fl y-y y and to -313y as x.
3. Asymptotic properties of the solution. The shape of a finger penetrating into a viscous fluid can be determined by using singular perturbation methods for small Ca.
This work is described in Reinelt (1983) . It is an extension of the work of Bretherton (1961) and his analysis of the motion of long bubbles in tubes. The work differs from Bretherton's work in that it outlines a procedure to develop a complete asymptotic expansion in terms of Ca. It also constructs the equations in the boundary layer region in terms of scaled coordinates of order unity. The method of matched asymptotic expansions is used to connect the inner and outer solutions. From Bretherton's solution or the solution using singular perturbation methods, /3 is given by (19) /3 1.0-1.337Ca2/3.
This expression, valid for small values of Ca, holds for both the two-dimensional and axisymmetric problems. It will be compared with the numerical results. The asymptotic behavior of the solution as x--o can be expanded in powers of exp (kx) for finite values of Ca. This leads to a relationship between Ca,/3, and k, the decay rate as x--. The relationship will also be used to check the numerical results. 
2q-sin 2q+Ca (4q--4 cos 2 q) =0.
The leading order expansion of (20) as Ca 0 gives
which agrees with the singular perturbation solution. The relationships (20) and (21) between k(1-/3) and Ca will be compared with the numerical results. A similar procedure was applied to the axisymmetric problem by Cox (1962) which led to an equation involving the three parameters Ca,/3, and k. In the experiments, the value of k was determined by fitting the finger profile with an exponential curve.
In the numerical treatment of the problem, k is one of the parameters used to describe the interface; its value will be determined by satisfying the equations and boundary conditions.
4. Numerical solution on a fixed domain. To solve the fingering problem numerically, we begin with an initial guess for the shape of the finger. The initial guess is found by starting with a small value for Ca and using the perturbation solution. Since we have assumed a shape for the finger, we are forced to drop one of the three interface conditions (16a, b, c); the normal-stress boundary condition (16c) is dropped. The shape of the finger will be altered to satisfy this condition.
It is important to develop numerical methods that not only give accurate results in the interior of the region, but also give accurate results at the boundaries. To satisfy the normal-stress boundary condition, it is necessary to compute the pressure and the stresses accurately on the boundary. To accomplish this, we cover the domain with a composite mesh composed of a curvilinear grid which follows the curved interface, and a rectilinear grid which is parallel to the straight boundaries. Kreiss (1983) has developed a numerical code that constructs a curvilinear grid using spline interpolation that follows the smooth boundary of a simply connected domain. The rest of the domain is covered with a uniformly spaced rectilinear grid. The overlapping grids are used to solve a system of hyperbolic differential equations. We have modified these methods to treat the elliptic problem in this paper.
In the numerical treatment of the fingering problem, we restrict the infinite domain given by -c<x < and 0 --< y-< to a finite domain given by Xmin X Xma and 0<=y_<--1. If the values of Xmin and Xma have been chosen properly, the difference between the numerical solution calculated on this domain and the solution calculated on an even larger domain will be small. As mentioned in 2, the domain is further restricted to the region exterior to the finger.
In the fingering problem, stretching is used in the curvilinear grid to place more grid points at the tip of the finger and fewer grid points where the width of the finger approaches a constant. To construct the curvilinear grid, we begin with a square grid with uniformly distributed grid points given by (s,)=(i-I/N-l,j-1/M-1), where i=l,2,...,Nandj=l,2,...,M. There are N grid points in the direction and M grid points in the ? direction. The curvilinear grid is defined by mapping this square grid onto a region which follows the curved interface using a transformation To. To simplify the interface conditions, it is convenient to use the arclength parameter s along the interface. Stretching is introduced by the transformations = F(s), = G(r), where F and G are functions that produce a one-to-one mapping between the two sets of variables. The functions F and G are given in the appendix.
To construct the transformation To, cubic spline interpolation is used to approxi- 
The function G is chosen such that G(1)= 1. This transformation is one-to-one and its Jacobian is never singular. A typical curvilinear grid is shown in Fig. 1 .
Stretching is also used in the rectilinear grid to place a smaller mesh size near y where the fluid moves into the narrow region between the finger and the wall.
In the x direction, we place fewer grid points near the boundaries at Xmi and Xma TO construct the transformation Tr, we begin with another square grid with uniformly Many of the grid points in the rectilinear grid are in the interior of the finger. These points are not used in the computation of the solution. Figure 2 gives an example of a rectilinear grid that shows only the grid points actually used. It is important that the grids overlap so that all grid points on CM lie in the interior of the rectilinear grid.
Also, the grid points on the jagged boundary of the rectilinear grid must lie in the interior of the curvilinear grid. In solving the equations on a composite mesh, the grid points can be divided into three categories. At interior points of each grid, difference equations that approximate the partial differential equations are applied. At grid points that lie on the boundary of the domain, boundary conditions are applied. The third type of grid points are those that lie on the interior curve CM of the curvilinear grid and those that lie on the jagged boundary of the rectilinear grid. It is at these grid points that interpolation equations are used to connect the solutions on the two grids.
At interior points of each grid, the system of equations (14) To find the approximate value of u at each (x, y) grid point on the jagged boundary, we locate each of these grid points in the interior of the (, ) square grid. These values are found by using Newton's method and (22) and (23). Once these points are located, the interpolation formulas are identical with (26) where R and j are replaced by g and P.
5. Iteration method. To determine the degree to which the normal-stress boundary condition is satisfied, it is necessary to find the pressure and the stresses on the interface. The pressure is calculated from the vorticity solution by integrating along the interface. The pressure is given in terms of the vorticity by p,, =-Ca to, p Ca Wx.
Using the. transformation T and these relationships between the pressure and the vorticity, the derivative of the pressure with respect to arc length is Ps -Ca Xsry yr,]wr Ca XsSy ysx]w.
The stresses g'x,,, g%, and Syy are calculated at each grid point on the curved interface from the stream function and vorticity solutions. We substitute the initial guess for the shape of the interface and the values of the pressure and stresses at each grid point on the interface into the normal-stress boundary condition (16c). If this boundary condition is satisfied, we have determined the shape of the finger. Normally, the right-hand side of the normal-stress boundary condition is not equal to zero at each grid point, but a residual Ri is present. These residuals Ri, i= l, 2,.-., N give the error in the boundary condition (16c) at each of the N grid points along the interface of the finger. In our calculations the value of N is seventy-six. The shape of the interface must now be changed until all the residuals are smaller than a chosen error tolerance.
To change the shape of the interface, it is convenient to expand the interface in terms of a set of functions and unknown parameters. The shape of the finger is determined by the numerical values of these parameters. The form of the expansion greatly affects the amount of computing time needed to converge to the interface shape that satisfies the normal-stress boundary condition. In fact, if the expansion is not chosen properly, the problem may never converge.
The interface is expanded as a function of y. The expansion for the shape of the finger is given by where/3, k, co, c,. ., c, are the parameters that determine the shape of the interface.
The expansion is constructed so that the tip of the finger is located at the origin and x(-y) is equal to x(y). The functions T are the even Chebyshev polynomials. If the grid points on the interface are projected onto the y-axis, there are many more points near the ends of the interval, -fl <-y =</3, than near the center of the interval. This is characteristic of the so-called Chebyshev abscissae. The Chebyshev polynomials are chosen because it is expected that they will converge rapidly given the distribution of grid points used in the fingering problem. This is indeed found to be the case.
The In the above calculations there is not a simple functional relationship between R and the unknown parameters because the values of the pressure p and the stresses q,, ,, and % depend on the parameters in some unknown way. In order to calculate the Jacobian of (28a), a small step size h is added to each parameter independently and the new values of R are determined. For example, we calculate Ri(fl" + h, k", Co, c, ", Cm) which is used to determine the entries of the Jacobian On each of the fixed domains a large sparse system of linear equations for the values of ff and to at the grid ponts of the rectilinear and curvilinear grids must be solved. If v is the vector that contains , and to, then the system of linear equations can be written Av=b.
To solve this system of linear equations, we determine the LU decomposition of the matrix A, where L is a lower triangular matrix and U is an upper triangular matrix.
This linear system of equations now decomposes into two triangular systems that are solved by forward substitution and back-substitution. This decomposition of A involves a major portion of the computation time and is done using a sparse matrix solver (odrv, ndrv) developed at Yale University. Since the LU decomposition of A is known and the right-hand side of each of these equations is known from the previous step, these equations are easily solved by forward substitution and back-substitution. In practice, the value of is determined to six places by solving only two or three of these equations. Using this method, the computation time necessary to compute the Jacobian is essentially equivalent to the time needed to solve the original system. 6. Numerical results for the two-dimensional problem. The numerical results are calculated by beginning with /U/T 0.01 and using the shape of the perturbation solution. Several iterations are needed to satisfy the normal-stress boundary condition.
The value of t-U/T is then increased by small increments. The size of the increments varied from 0.02 for/x U T < 0.10 to 0.20 for z U T > 1.00. The shape of the interface at the previous value of txU/T is used as the basis for determining the new interface shape at the subsequent value of/U/T. Three or four iterations are needed for the normal-stress boundary condition to be satisfied at each value of tzU/T which corresponds to about 25 minutes of CPU on a VAX 11/750. (21) is in error by no more than 10% provided txU/T < 2 10-2. In Fig. 4 , the solid line is a plot of/3 versus tzU/T calculated from the numerical solutions and the dashed line is a plot of (19) When the value of fl is greater than 32-, the fluid near the x-axis moves with a velocity greater than that of the finger. In this case, two additional stagnation points are present on the interface. For all values of/3, there is a stagnation point at the tip of the finger. Figure 6 gives examples of the streamlines in the two cases.
7. Numerical solution of the axisymmetric problem. We consider the penetration of a finger into a tube. As in the two-dimensional case, the steady state problem is examined and the finger moves parallel to the x-axis with constant velocity U. The diameter of the tube is 2b and the diameter of the finger is 2fib. The parameter fl is equal to (diameter of finger)/ (diameter of tube). The same dimensionless variables used in the two-dimensional case are used here.
We write the equations in terms of the stream function q, defined by O(x, 0)= 0, to(x, 0)= 0.
The asymptotic behaviours of and w are __1/2(y2_2) and to .1 /2f12(2y2_ y4) _1/2y2 and to 4f12y as x-o0.
As in the two-dimensional case, the normal-stress boundary condition is dropped, and the numerical solution is computed on a fixed domain. The normal-stress boundary condition is used to find the shape of the finger.
The results for the axisymmetric problem are very similar to the two-dimensional results. In Fig. 7 , the solid line is a plot of/3 versus/z U/T calculated from the numerical In solving the fingering problem, we have used a composite mesh to cover the domain. The resulting numerical solution is not only accurate in the interior of the region but also on the boundaries of the domain. The amount of computing time necessary to construct the grids is a very small percentage of the time necessary to compute the solution to the fingering problem.
The employment of a composite mesh creates enough flexibility that it can be used to treat problems with many different types of geometries. It can also be used in determining solutions that exhibit singular behavior. The composite mesh can be composed of as many grids as necessary to solve a given problem. The grids are easily constructed to include stretching which places grid points where they are needed most.
The numerical methods employed work very well in the treatment of this free surface problem. Many other free surface problems could be examined by extending the methods to include the effects of the inertia terms. The effects of gravity on the shape of the finger for the two-dimensional and axisymmetric geometries can also be calculated. The methods could also be extended to handle time-dependent free surface problems. In these problems, the curvilinear grid would move with the interface at each time step of the calculation.
Appendix. As discussed earlier, stretching functions are introduced to place grid points where they are needed most. In the x direction, fewer grid points are needed near Xmi and Xmax where the solution tends to a function of y only. The x dependence is a decaying exponential. The function f takes the form =f(x)=ax+B+C. Dtanh(XDx) and the first derivative is -x=f'(x)=a+Csech2(X).
A and C are chosen such that there is a larger mesh size near the boundaries and a smaller mesh size in an interior region centered about the point x0. The constant D is the decay rate from the smaller mesh size to the larger one. B is chosen such that f(Xmin) --0. In the perturbation problem, it was found that for small Ca the finger nearly fills the channel. To numerically solve the fingering problem for this case, it is necessary In the s direction, we use a stretching transformation that produces more grid points in the region near the tip of the finger and fewer in the region where the width approaches a constant. The transformation is given by where the derivative is =F(s)=As+C. D tanh () d----=F'(s)=A+C sech2 () ds Again, A and C are chosen to produce the appropriate mesh sizes and D is the decay rate. In the fingering problem it is not necessary to stretch in the r direction, so we simply set k' G(r)= r.
